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Abstract. Exploration of information content of features that are present in images has led to the development
of several reconstruction algorithms. These algorithms aim for a reconstruction from the features that is visually
close to the image from which the features are extracted. Degrees of freedom that are not fixed by the constraints
are disambiguated with the help of a so-called prior (i.e. a user defined model). We propose a linear reconstruction
framework that generalizes a previously proposed scheme. The algorithm greatly reduces the complexity of the
reconstruction process compared to non-linear methods. As an example we propose a specific prior and apply it to
the reconstruction from singular points. The reconstruction is visually more attractive and has a smaller L2 -error
than the reconstructions obtained by previously proposed linear methods.
Keywords: reconstruction; scale space; sampling; deep structure

1.

Introduction

Reconstruction from differential structure of scale
space interest points was first introduced by Nielsen
and Lillholm (2001). Using the reconstruction the information content of these points can be investigated.
Unser and Aldroubi (1994) generalized sampling theory by Shannon (1949) and Papoulis (1977) by finding
a consistent reconstruction of a signal from its integer shifted filter responses, i.e. a reconstruction that
is indistinguishable from its original when observed
through the filters the features were extracted with.
∗ Bart Jansen, Frans Kanters and Remco Duits are joint main authors
of this article.

The consistency requirement is adopted by Lillholm
et al. (2003) Nielsen and Lillholm (2001) and Kybic
et al. (2001, 2002). They describe a variational framework that finds a consistent reconstruction that minimizes a so called prior (i.e. a user defined model).
The disadvantage of this variational approach is that
the reconstruction algorithm is not linear and therefore slow and somewhat cumbersome to implement.
Kanters et al. (2003) investigated a special case of
the reconstruction by Nielsen and Lillholm (2001) by
adopting the L2 -norm as a prior. We shall refer to this
as the standard linear reconstruction scheme. Advantages of this approach are that the reconstruction algorithm is linear and analytical results for the generalized
correlation matrix can be found. The disadvantage is
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that this method is qualitatively outperformed by nonlinear reconstruction methods (Lillholm et al., 2003;
Kybic et al., 2002; Nielsen and Lillholm, 2001).
We propose a general reconstruction framework
which can be applied to a large set of priors. Any
prior that can be described by a norm formed by an
inner product can be mapped to this framework. Our
method overcomes the disadvantages of the standard
linear reconstruction scheme by Kanters et al. (2003)
while retaining linearity. This is done by replacing the
L2 -inner product by an inner product of Sobolev type.
To verify the proposed method we apply it to the reconstruction from singular points. A prior that smoothens
the reconstructed image is selected. This results in a reconstruction that has as few additional singular points
as possible under the constraints. Also the features
are enriched by taking higher order derivatives into
account.
For a mathematically rigorous analysis of linear image reconstruction and its connection to Gelfand triples
we refer to Duits (2005), Section 3.4.

maps the reconstruction problem onto straightforward
linear algebra. To this end we propose a generalization
of Definition 1 as follows.

2.

Thus the a priori known features are given in terms of
an L2 -inner product. In order to express these features
relative to the new inner product we seek an effective
filter, κi say, such that

Theory

Definition 1 (L2 -Inner Product). The L2 − inner
product for f, g ∈ L2 (R2 ) is given by

( f, g)L2 =
f (x) g(x)d x.
(1)
R2

This is the standard inner product used in previous work
(Kanters et al., 2003; Lillholm et al., 2003; Nielsen and
Lillholm, 2001).
The reconstruction problem boils down to the selection of an instance of the metameric class consisting of
g ∈ L2 (R2 ) such that
(ψi , g)L2 = ci , (i = 1 . . . N )

Definition 2 (A-Inner Product). We define A to be an
operator on L2 (R2 ) such that (I + A† A)−1 is bounded1 .
Then
( f, g) A = ( f, g)L2 + (A f, Ag)L2 .

(3)

Note that we can write
( f, g) A = ( f, (I + A† A)g)L2 .

(4)

For an image f ∈ L2 (R2 ) we consider a collection
of filters ψi ∈ L2 (R2 ) and filter responses ci , i =
1, . . . , N , given by
ci = (ψi , f )L2 .

(κi , f ) A = (ψi , f )L2

(5)

(6)

for all f . We will henceforth refer to ψi as an “L2 -filter”
and to κi as its corresponding “A-filter”.
Lemma 1 (A-Filters). Given ψi ∈ L2 (R2 ) then its
corresponding A-filter is given by
κi = (I + A† A)−1 ψi .

(7)

(2)

with ψi denoting the distinct localized filters that generate the ith filter response ci = (ψi , f )L2 ∈ C, i.e. the
selection from the equivalence class of images g that
share the same predefined set of features (2). The selection of g is done by minimizing a prior subject to the
constraints of equation (2). A distinction can be made
between priors (global constraints) that are constructed
by a norm formed by an inner product and those that
are constructed by a norm that is not formed by an inner product. In the former case it is possible to translate
the reconstruction problem to a linear projection. This

Applying Definition 2,


(κi , f ) A = (I + A† A)−1 ψi , f A


= (I + A† A)(I + A† A)−1 ψi , f L2
= (ψi , f )L2 .

(8)

We aim to establish a reconstruction g that satisfies
equation (2) and minimizes
E(g) =

1
(g, g) A .
2

(9)
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Since g satisfies equation (2) we may as well write
1
((g, g)L2 + (Ag, Ag)L2 )
2
−λi ((ψi , g)L2 − ci ),

E(g) =

Consequently λi = G i j c j . Applying this to equation
(15) leads to
g = λi κi = G i j c j κi = G i j (κ j , f ) A κi = (κ i , f ) A κi .

(10)

(17)
This completes the proof of Theorem 1.

in other words
E(g) =
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1
(g, g) A − λi ((κi , g) A − ci ) .
2

(11)

Einstein summation convention applies to upper and
lower feature indices i = 1...N , i.e. whenever an upper index matches a lower one it is supposed to be regarded as a dummy summation index. The first term in
equation (11) is referred to as the prior. The remainder
consists of a linear combination of constraints, recall
equation (2), with Lagrange multipliers λi .
Theorem 1. The solution to the Euler-Lagrange
equations for equation (11) can be found by Aorthogonal projection of the original image f on the
linear space V spanned by the filters κi , i.e.
g = PV f = (κ i , f ) A κi .
i def

Theorem 1 refers to an Euler-Lagrange formalism to
comply with previous work on this subject (Kanters
et al., 2003; Lillholm et al., 2003; Nielsen and Lillholm,
2001). The authors do notice the linear reconstruction
problem can be approached in a simpler and more elegant way. This approach is sketched in Appendix A.
3.

Reconstruction from Singular Points

The theory of the previous section is applicable to any
set of linear features. Here we are particularly interested in feature attributes of so-called singular points
in Gaussian scale space. A Gaussian scale space representation u(x; s) in n spatial dimensions is obtained
by convolution of a raw image f (x) with a normalized
Gaussian:

(12)

u(x; s) = ( f ∗ ϕs ) (x)
ϕs (x) =

Here we have defined κ = G κ j with Gramm matrix
ij

G i j = (κi , κ j ) A

(13)

F ( f ) (ω) = f̂ (ω) =

The functional derivative of equation (11) with respect
to the image g is given by (recall equation (4))
(14)

The solution to the corresponding Euler-Lagrange
equations is formally given by
g = λi (I + A† A)−1 ψi = λi κi .

(15)

So the filter responses can be expressed as


ci = (ψi , g)L2 = λ j ψi , (I + A† A)−1 ψ j L2
= λ j (ψi , κ j )L2 = λ j (κi , κ j ) A .

(16)

e−

||x||2
4s

.

(18)

For the remainder of this paper we use the following
convention for the continuous Fourier Transform

and G ik G k j = δ ij .

δ E(g)
= (I + A† A)g − λi ψi
δg

√1 n
4π s

F −1 ( f ) (x) = f (x) =

√1 n
2π
√1 n
2π

∞

−iωx
f (x)d x
−∞ e
 ∞ iωx
fˆ(ω)dω.
−∞ e

(19)
Notice that with this definition Fourier transformation
becomes a unitary transformation.
3.1.

Singular Points

A singular point is a non-Morse critical point of a
Gaussian scale space representation of an image. Scale
s is taken as a control parameter. This type of point is
also referred to in the literature as a degenerate spatial
critical point or as a toppoint or catastrophe.
Definition 3 (Singular Point). A singular point
(x; s) ∈ Rn+1 is defined by the following equations,
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in which ∇ denotes the spatial gradient operator:


∇u(x; s) = 0
det ∇∇ T u(x; s) = 0

(20)

The behavior near singular points is the subject of
catastrophe theory. Damon (1995) rigorously studied
the applicability of established catastrophe theory in a
scale space context. Florack and Kuijper (2006) have
given an overview of the established theory in their
paper about the topological structure of scale space
images for the generic case of interest. More on catastrophe theory in general can be found in a monograph
by Gilmore (1993).

3.2.

Prior Selection

Johansen et al. (1986, 2000) showed that a one dimensional signal is defined up to a multiplicative constant
by its singular points. This is probably not the case for
two dimensional signals (images). It was conjectured
that these points endowed with suitable attributes do
contain enough information to be able to obtain a reconstruction that is visually close to the initial image
(Kanters et al., 2003).
As can be seen in Figure 1 the standard linear reconstruction proposed by Kanters et al. (2003) which uses
the standard L2 -inner product, is far from optimal. The
problem can be identified by determining the number
of additional singular points that appear in the reconstructed image while strictly insisting on the features
to hold. In case of a perfect reconstruction the number
of singular points would be equal for the reconstructed
and original image. In practice, however, one observes

Figure 1. The image on the right hand side shows the standard
linear reconstruction, taking up to second order differential structure
into account, as is proposed by Kanters et al. (2003) from 63 singular
points of Lena’s eye. The original image, from which the singular
points are taken is shown on the left hand side.

that a reconstruction like the one shown in Figure 1 on
the right, has more singular points than the original image. The number of singular points in the reconstructed
image can be reduced by smoothing the image (while
not violating the constraints). Therefore a prior derived
from the following inner product is proposed2 :
√
√
( f, g) A = ( f, g)L2 + (−γ − f, −γ − g)L2
= ( f, g)L2 − ( f, γ 2 g)L2
(21)
= ( f, g)L2 + (γ ∇ f, γ ∇g)L2 .
This prior introduces a smoothness constraint to the
reconstruction problem. The degree of smoothness is
controlled by the parameter γ . When γ vanishes the
projection equals the one from standard linear reconstruction (Kanters et al., 2003). Note that this is a standard prior in first order Tikhonov regularization (Florack et al., 2004; Tikhonov and Arseninn, 1977). A
visualization of the projection using the inner product
of equation (21) can be found in Figure 2.

Figure 2. Illustration of the metameric class V of images with consistent
 features. For γ = 0 we have an orthogonal projection in
L2 R2 . For γ > 0 this
 is an A-orthogonal projection, which is a
skew projection in L2 R2 . The smoothness of the projection increases with γ > 0.
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In practice one should consider
f → f − f 1 ,
with f the average of√f and
f . Then for A = −γ −

theorem we have (recall equations (24) and (25)

(23)

is minimized resulting in minimal variance reconstruction.

3.3.

√
−

κi , κ j


A

=
=

1
ψ̂ , ψ̂ j
1+γ 2 ||ω||2 i
L2
1
, ψ̂ i ψ̂ j
1+γ 2 ||ω||2
L2



= φγ , ψ i ∗ ψ j

L2

(26)

In which φγ is given by equation (25).
At this point we have not yet specified the ψi filters.
Since we are interested in the properties of singular
points in Gaussian scale space we define the filters as
follows.
Definition 4 (Feature Extraction).
A filter ψi is a localized derivative of the Gaussian
kernel, recall equation (18), at a certain scale. Given
x, y, ξ, ηR and m, n ∈ N0

Implementation

Setting A = −γ



(22)

denotes the support of

|| f − f ||2A = || f − f ||2L2 + ||A f ||2L2
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the A-filter equals

κi = (I − γ 2 )−1 ψi


1
−1
ω −→
=F
F(ψi )(ω) . (24)
1 + γ 2 ||ω||2

def

ψi (x, y) =

∂ m+n ϕs (ξ − x, η − y)
∂ x m ∂ yn

(27)

def

The filter shape in the spatial domain is somewhat
harder to obtain. For two dimensions (n = 2) the
convolution filter that represents the linear operator
(I − γ 2 )−1 equals
x 2 + y2
1
φγ (x, y) =
K
[
]
0
2πγ 2
γ

with i = (m, n, ξ, η, σ ) ∈ N20 × R2 × R+ .
Notice that
∂ m+n
u
∂ x m ∂ yn

(25)

with K 0 representing the zeroth order modified Bessel
function of the second kind. This was also noted by
Florack, Duits and Bierkens (2004) who worked on
Tikhonov regularization and its relation to Gaussian
scale space. Notice that this kernel is singular at the origin. This is caused by the fact that a first order Sobolev
space on R2 is not a reproducing kernel Hilbert space.
By slightly increasing the order of the Sobolev space
this inconvenience could be circumvented (Duits et al.,
2005). The nature of the singularity is relatively harmless, however.
The calculation of the Gramm matrix G i j (equation
13) is the computationally hardest part of the reconstruction algorithm. An analytic expression for this
matrix is not available (unless γ = 0 (Kanters et al.,
2003)). Therefore the inner products (κi , κ j ) A have to
be found by numerical integration. By the Parseval

(ξ, η, s) =



∂ m+n
ϕ
∂ x m ∂ yn s

∗ f (ξ, η)

= f (x, y) ∂ x∂ m ∂ y n ϕs
(28)
(ξ − x, η − y) d xd y
= ψ i , f L2 = (ψi , f )L2
m+n

since ψ i = ψi . So the differential structure in a point
in scale space can be described by a set of linear functionals on the image f .
Applying Definition (4) to equation (26) reveals that
the inner products in the Gramm matrix can be expressed as a Gaussian derivative of the spatial representation of φγ . Note that this can be exploited for any
operator that one chooses to use as a regularizer.
The singularity of φγ (x) in the origin gives rise to
numerical problems. The Fourier representation φ̂ γ (x)
does not have a singularity, therefore the Fourier representation of the operator is sampled and after that a
discrete inverse Fourier transform is applied to it.
At this point we could construct the Gramm matrix
and obtain the solution of our reconstruction problem,
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according to equation (17)

4.

g = G i j c j κi .

(29)

Instead, in order to improve accuracy, we rewrite our
problem in the following manner,
g = G̃ i j c̃ j κ̃i ,
with , G̃ i j =
c̃ j =

√1
G jj

√

Gi j
G ii

√

G jj

c j and κ̃i =

(30)

(no summation convention),

√1
G ii

κi . This way the condition

number of the matrix to be inverted,
C=

μ1
,
μn

Sκ

T

(SG S)−1 Sc = κ T G −1 c ,

To evaluate the suggested prior and the proposed reconstruction scheme reconstructions from singular points
of different images are performed. The singular points
are obtained using ScaleSpaceViz (Kanters, 2004),
which is based on a zero-crossings method. After the
singular points are found the unstable ones are filtered
out by applying a threshold on the amount of structure
that is present around a singular point. The amount of
structure can be found by calculating the “differential
quadratic total variation norm” or “deviation from flatness”
tv = σ 4 Tr (H2 )

(34)

(31)

with μi ≥ μ2 ≥ . . . ≥ μn > 0 its eigenvalues, can be
controlled. Since the condition number solely depends
on the largest and the smallest eigenvalue we can easily
minimize equation (31) by setting the diagonal of this
matrix to unity, as is expressed in equation (30). In matrix notation we note that (underscore denotes vectorial
representation)


Evaluation

(32)

that was proposed by Platel et al. (2004). H represents
the Hessian matrix and σ represents the scale at which
the singular point appears. The reconstruction algorithm is implemented in Mathematica (Wolfram, 1991).
The images that are chosen to evaluate the performance of the reconstruction algorithm are those used
by Kanters et al. (2003) and Lillholm et al. (2003) for
the evaluation of their reconstruction algorithms. The
size of the first image is 64 × 64 pixels and the size of
the second image is 128 × 128 pixels. The pixel values
of these images are integer valued ranging from 0 to
255.

where we used S T = S, with
Si j =

√1
G ii

0

if i = j
,
if i = j

4.1.
(33)

κ = (κ1 , . . . , κ N )T and c = (c1 , . . . , c N )T .
3.4.

Richer Features

Obtaining a visually appealing reconstruction from singular points can be achieved by selecting an “optimal”
space for projection. This approach is discussed above.
Another way to enhance the quality of the reconstruction is by using more information about the points that
are used for reconstruction. In the standard case only up
to second order differential structure was used. In our
experiments also higher order differential properties of
the singular points were taken into account. This has
the side effect that the Gramm matrix will be harder
to invert when more possibly dependent properties are
used.

Qualitative Evaluation

First we study reconstruction from singular points taking into account up to second order derivatives of the
image at the locations of the singular points. Figure 3
shows the reconstruction from 31 singular points of
Lena’s eye . These points are selected using a tv-norm
of 32. Note that the tv-norm scales with the square of
the image range. The first image in the upper row displays the image from which the singular points were
obtained. Successive images are reconstructions from
these points with an increasing γ . The second image in
the first row shows a reconstruction with γ = 0, which
equals the reconstruction by Kanters et al. (2003), and
the first picture in the second row depicts the reconstruction with a minimal relative L2 -error. The same
convention is used in the reconstruction from 55 singular points of MR brain that is displayed in Figure 4.
The singular points of this image were acquired using
a tv-norm of 128. Figure 3 shows the “fill-in effect”
of the smoothing prior. The reconstruction with the
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Figure 3. Reconstruction from 31 singular points of Lena’s eye with up to second order features. The upper row shows the original image and
reconstructions with γ = 0 and γ = 5. The second row shows reconstructions with γ = 22, γ = 50 and γ = 250. The first image in the second
row shows the reconstruction with the lowest relative L2 -error.

Figure 4. Reconstruction from 55 singular points of MR brain with up to second order features. The upper row shows the original image and
reconstructions with γ = 0 and γ = 3. The second row shows reconstructions with γ = 7, γ = 50 and γ = 250. The first image in the second
row shows the reconstruction with the lowest relative L2 -error.

smallest relative L2 -error is visually more appealing
than the images with a smaller γ . A reconstruction with
γ = 250 lacks details that were visible in the other reconstructions. This happens because the Gramm matrix
is harder to invert when dependent basis functions are
used. With an increasing γ the kernels become wider
and thus more dependent on one another. The reconstructions of MR brain show “leaking” edges. Because
the prior smoothes the image the very sharp edges of
this image are not preserved and consequently the leaking effect appears.

To investigate the influence of enrichment of the features the same experiments are repeated but up to fourth
order derivatives are taken into account in the features.
The results for the reconstruction from the singular
points of Lena’s eye can be found in Figure 5 and the
results for the reconstruction from the singular points
of MR brain are depicted in Figure 6. In both cases the
images show more detail and are visually more appealing than their second order counter parts. The reconstruction of the MR brain image still shows leaking but
this effect is reduced when compared to second order
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Figure 5. Reconstruction from 31 singular points of Lena’s eye with up to fourth order features. The upper row shows the original image and
reconstructions with γ = 0 and γ = 4. The second row shows reconstructions with γ = 19, γ = 50 and γ = 250. The first image in the second
row shows the reconstruction with the lowest relative L2 -error.

Figure 6. Reconstruction from 55 singular points of MR brain with up to fourth order features. The upper row shows the original image and
reconstructions with γ = 0 and γ = 4. The second row shows reconstructions with γ = 8, γ = 50 and γ = 250. The first image in the second
row shows the reconstruction with the lowest relative L2 -error.

reconstruction. Inspection of Figures 3,4,5 and 6 shows
that, although the reconstructions are still far from optimal, remarkably few singular points are involved relative to the total number of pixels.
4.2.

Quantitative Evaluation

In order to verify the quality of the reconstructions of
both images under a varying γ the relative L2 -error,
|| f − g||L2
L2 -error =
,
(35)
|| f ||L2

of the reconstructed images is calculated. Figure 7
shows four graphs depicting this error for both second
order and fourth order reconstruction of Lena’s eye and
MR brain. All graphs show that an optimal value exists
for the γ parameter. This can be explained by the fact
that the Gramm matrix is harder to invert with increasing γ due to increasing correlation among the filter
cf. equation (26). Because of that dependent equations
will be removed during the Singular Value Decomposition, which is used to obtain the inverse of the Gramm
matrix. This leads to a reconstruction with less detail

A Linear Image Reconstruction Framework Based on Sobolev Type Inner Products
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Figure 7. The relative L2 -error of the reconstructions from 31 singular points of Lena’s eye (upper row) and 55 singular points of MR brain
(lower row). The first column shows the L2 -error for varying γ when second order reconstruction is used, i.e. up to second order derivatives are
taken into account in the features. The second column displays fourth order reconstruction. The minimal relative L2 -errors of the reconstructions
of Lena’s eye (γ = 22 and γ = 19) are larger than those of MR brain (γ = 7 and γ = 8). This suggests, in order to reduce the “fill-in effect”
that causes this difference for the optimal value of γ , the use of anisotropic diffusion (which will be addressed in future work).

and thus a larger L2 -error. The reconstructions of the
MR brain image show an increasing L2 -error with an
increasing γ . This error becomes even larger than the
L2 -error of the reconstruction with γ = 0. This can
be attributed to the sharp edges of the head that are
smoothed and thus show leaking into the black surroundings of the head. The background clearly dominates the contribution to the L2 -error. The reconstruction of Lena’s eye does not suffer from this problem
because of its smoothness.
5.

Conclusions and Recommendations

We proposed a linear reconstruction method that leaves
room for selection of arbitrary priors as long as the prior
is a norm of Sobolev type. This greatly reduces the
complexity of the reconstruction algorithm compared
to non-linear methods.
We select one possible prior characterized by a free
parameter γ that aims for a smooth reconstruction.
This provides a control parameter for selecting different metameric reconstructions, i.e. reconstructions
all consistent with the prescribed constraints. Comparisons with standard linear reconstruction as done by
Kanters et al. (2003) show it is possible to improve the
reconstruction quality while retaining linearity. Recon-

struction from a selection of singular points of the MR
brain image proves to be more difficult than reconstruction of smoother images like Lena’s eye. The problem,
that shows up as “leaking” edges, is reduced by taking higher order differential structure into account in
the reconstruction algorithm. When the γ parameter is
increased basis functions get more dependent on each
other. This leads to a harder to invert Gramm matrix
and consequently to a reduction of detail in the reconstruction.
Both, taking a γ > 0 and taking higher order features
into account, lead to visually more appealing images
and a smaller L2 -error when comparing with standard
linear reconstruction. It remains an open question how
to select an optimal γ .
Future work will include the use of anisotropic diffusion depending on the local image orientation and
investigation of so called flux features. Additionally
other priors that fit in the proposed framework will be
investigated.
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A.

Simple Alternative Approach to Theorem 1

Recall that V is the span of the filters κi . Then
V ⊥ = { f ∈ L2 (R2 ) | (κi , f ) A = 0 ∀i = 1, . . . , N }
(36)
On the space of images L2 (R2 ) we define the following equivalence relation:
f ∼ g ⇔ (κi , f ) A = (κi , g) A ∀ i = 1, . . . , N ,
(37)
i.e. two images are equivalent if they share the same
set of features. As a result the equivalence class [ f ] of
representant f is given by
[ f ] = {g ∈ L2 (R2 ) | f ∼ g} = f + V ⊥ .

(38)

Next we show that the unique element g within [ f ]
that minimizes the energy E[g] = g2A is given by
the A-orthogonal projection of f on V , PV f :
min g2A = min g − PV f + PV f 2A

g∈[ f ]

g∈[ f ]

= min g − PV f 2A + PV f 2A
g∈[ f ]

(39)

and this equals PV f 2A only in the case g = PV f .
Notice with respect to the last equality (equation (39))
the Pythogoras theorem has been used, which can be
applied since (g − PV f ) = (g − PV g) ∈ V ⊥ and
PV f ∈ V .
Notes
1. By Neumann (Yosida, 1980 p. 200), we have that for every closed
densely defined operator A in a Hilbert space H the operator A∗ A
is self adjoint and (I + A∗ A) has a bounded inverse.
√
2. The operational significance of the fractional operator − − ,
which is the generator of the Poisson scale space, is explained in
detail by Duits et al. (2004). In Fourier space it corresponds to the
multiplicative operator −||ω||.
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